In this paper, a vector Ramani equation is proposed by using the bilinear approach. With the help of the bilinear exchange formulae, bilinear Bäcklund transformation and the corresponding Lax pair for the vector Ramani equation are derived. Besides, multisoliton solution expressed by pfaffian is given and proved by pfaffian techniques.
Introduction
In recent years, several approaches have been developed to search for various integrable coupled versions of soliton equations, [1] [2] [3] [4] [5] [6] [7] [8] since there are much richer mathematical structures behind integrable coupled systems than scalar ones. One of them is to use bilinear approach to construct the vector extension from the bilinear form of the original nonlinear equation. 1, [6] [7] [8] For example, the celebrated Korteweg-de Vries (KdV) equation
can be transformed into the bilinear form
through the dependent variable transformation u = 2(ln f ) xx , where the Hirota's bilinear differential operators 1 are defined by In Ref. 6 , it is shown that the extension of the bilinear equation (2) into a coupled bilinear form
results in the following Hirota-Satauma coupled KdV equation:
where u = 2(ln f ) xx and v = g/f .
In what follows, we list several extensions of the KdV equation by using the bilinear approach.
(i) Taking into account the fact that the KdV equation (1) can be transformed into another bilinear form
through the rational transformation u = g/f , the following bilinear equations
give rise to a coupled KdV equation of the form
through the dependent variable transformation u j = g j /f . Equation (11) has been studied by Yoneyama in Ref. 7.
(ii) Based on the fact that the bilinear form of the KdV equation (1) can be rewritten as
Hirota et al. 8 noticed that Eq. (12) can be cast into an alternative form
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Bilinear Bäcklund transformation, Lax pair and multi-soliton solution by letting g = f x , and extending Eqs. (13) and (14) to the following coupled form
By using the dependent variable transformation v j = 2g j /f , Eqs. (15) and (16) are converted to the N -component potential KdV equation
(iii) Starting from the bilinear form of the Hirota-Satauma coupled KdV equations (5) and (6), we considered a generalized vector Hirota-Satauma coupled KdV equation
which has the nonlinear form
by the dependent variable transformation u = 2(ln f ) xx and φ i = g i /f . In particular, when N = 2, (20) and (21) 
where g µ and f satisfy With the help of the bilinear operator identities:
and P 2 can be rewritten as 
Thus, one can have the following bilinear Bäcklund transformation
In order to find Lax pair for the vector Ramani equations (33)-(35), we let
and thus deduce the Lax pair
for µ = 1, 2, . . . M . One can check that the compatibility condition of (50) 
Multi-Soliton Solution Expressed by Pfaffian
Using a perturbational method, we obtain a few soliton solutions to the vector Ramani equations (33)-(35) for N = 3. These solutions contain one-soliton solution
two-soliton solution
and three-soliton solution
Here,
where j, µ, k = 1, 2, 3 and p j , c 1 (j), c 2 (j), c 3 (j) for j = 1, 2, 3 are free parameters. Plots of u and w µ (µ = 1, 2, 3) defined by (39), (55) and (56) are shown in Fig. 1 , respectively, to illustrate the two solitons interaction.
In the following, we give N -soliton solution to Eqs. (30)-(32) by pfaffians. In fact, we find that a 1 , a 2 , . . . , a N , b 1 , b 2 for µ = 1, 2, . . . , M , where the elements of the pfaffians are defined as follows:
where p j , η j,0 and c µ (j) are constant parameters, and c µ (j) needs to satisfy the constraint conditions From the definition of the functions f and g µ , we can derive the following pfaffian's rules:
and
where 
which vanish by the pfaffian identities.
Next, we prove that f and g µ satisfy the linear equation (32). In order to utilize the expansion formulae in Ref. 1 as follows:
pf(α 1 , α 2 , c 1 , c 2 , . . . , c 2n )
we introduce a new character β 0 defined by
for j = 1, 2, . . . , N . Then = pf(c 1 , c 2 , . . . , c 2N ) 1 , c 2 , . . . , c 2N )
Thus, f can be expressed as
We note that f 0 and f are invariant under the transformation
with the entries
Furthermore, we introduce another character Therefore, we can find the following differential formulae:
where the new entries are defined by
By defining c j = a j and c N +j = b j for j = 1, 2, . . . , N , f 0 , f and the differential formulae are written as
Following the procedures described in Ref. 8 , we can derive
In fact, by expanding f 0 with respect to c 1 , we can obtain 
Next, we consider an induction. If N = 1, the formula (90) is nothing but the differential formula (88). Assuming the differential formula (90) holds for n = n − 1 and utilizing Eq. (88), one has
With the help of the expansion formula (80), the differential formula (90) is obtained.
In order to derive the differential formula (91), we expand f and use the the expansion formula (79),
Considering the differential formulae (89) and (90) and the expansion formula (79), we have 
On the other hand, 
then the sum of g µ over µ gives 
which is equal to Eq. (97). Accordingly, we have shown that f and g µ satisfy the linear equation (32).
Conclusion and Summary
In this paper, we study a vector Ramani equation based on its bilinear form. By means of the bilinear exchange formulae, bilinear Bäcklund transformation for the vector Ramani equation is given. It is also shown that the bilinear Bäcklund transformation can be linearized into the corresponding Lax pair. Moreover, multi-soliton solution expressed by pfaffian can be obtained and proved by pfaffian techniques.
